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Abstract
The problem of consistent definition of the quantum corrected gravitational
field is considered in the framework of the S-matrix method. Gauge dependence
of the one-particle-reducible part of the two-scalar-particle scattering amplitude,
with the help of which the potential is usually defined, is investigated at the one-
loop approximation. The 1/r2-terms in the potential, which are of zero order
in the Planck constant h¯, are shown to be independent of the gauge parameter
weighting the gauge condition in the action. However, the 1/r3-terms, propor-
tional to h¯, describing the first proper quantum correction, are proved to be
gauge-dependent. With the help of the Slavnov identities, their dependence on
the weighting parameter is calculated explicitly. The reason the gauge depen-
dence originates from is briefly discussed.
PACS number(s): 04.60.Ds, 11.15.Kc, 11.10.Lm
Keywords: gravitational potential, Slavnov identities, gauge dependence.
1 Introduction
Quantization of the General Theory of Relativity is conventionally performed along the
formal lines of quantization of the ordinary Yang-Mills theories. Apart from complica-
tions introduced by the gauge invariance, both are carried out on the basis of Bohr’s
correspondence principle that gives certain prescriptions as to construction of the oper-
ators for physical field quantities. It implies, in particular, that the non-commutativity
of these operators becomes negligible when the occupation numbers of physical states
get large, and so the quantum equations of motion of free fields become effectively
classical. Switching on the interaction results in both the classical nonlinear and quan-
tum radiative corrections to these equations. The property of being classical, however,
should be retained by the largely occupied states even in the presence of interaction,
at least in the case of small coupling constants (or small time intervals the states are
observed in). The radiative corrections to these states are thus supposed to be mea-
surable in the classical sense, since it is the filling of states, rather than the relative
value of the corrections, that determines the system property of being classical.
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As is well known, the above immediate interpretation of the effective fields runs into
the problem of their gauge dependence. One is prompted therefore to seek an indirect
interpretation based on the use of explicitly gauge-independent means.
In many cases, a gauge-independent definition of the potential can be given with
the help of the S-matrix which gauge-independence is insured by the well-known equiv-
alence theorem [1, 2]. In the case of spinor electrodynamics, for instance, the potential
can be defined with the help of the two-particle scattering amplitude Fourier trans-
formed with respect to the momentum transfer between the particles. Incidentally,
with the help of the potential so defined one usually formulates the physical renormal-
ization conditions which are nothing but the classical definitions of the charges and
masses of the particles.
There is, however, an obstacle in direct application of the equivalence theorem to
the potential. The point is that the latter cannot be defined directly through the
two-particle scattering amplitude, since the set of Feynman graphs describing given
scattering process contains irreducible as well as reducible with respect to the gauge
field diagrams. Only after the reducible part is separated out of the whole set of
diagrams can the notion of the potential be introduced by a straightforward general-
ization of the usual definition used in electrodynamics. This is exactly the way followed
in Ref. [3] in investigation of the post-Newtonian classical and quantum corrections to
the gravitational potential.
The purpose of this paper is to investigate consistency of the above-mentioned
separation in the case of quantum gravity. As will be explained in Sec. 2, actually there
is no intrinsic reason underlying the division of diagrams according to the property of
reducibility in this case, threatening thereby validity of the equivalence theorem as
applied to the reducible subset of diagrams. That the potential defined with the help
of this subset does depend on the gauge, loosing thereby any significance as a means
for description of particle interactions, is shown in Sec. 4 by an explicit calculation.
Sec. 3 contains an account of the method used in evaluation of the gauge-dependence
of the one-loop logarithmic radiative corrections. The results of the work are discussed
in Sec. 5. Some formulae needed in calculation of the Feynman integrals are obtained
in the Appendix.
The highly condensed notations of DeWitt [1] are employed throughout this paper.
Also left derivatives with respect to anticommuting variables are used. The dimensional
regularization of all divergent quantities is supposed.
2 Definition of the potential in quantum gravity
It was mentioned in the Introduction that the notion of potential does make sense only
if one is justified to disregard the set of Feynman graphs irreducible with respect to
the gauge field. Before we proceed to actual calculations, let us consider this point in
more detail.
Note, first of all, that the potential must be defined in terms characterizing motion
of interacting particles, simply because only in this case the definition would be relevant
to an experiment. For this purpose, the scattering matrix approach can be used, in
which case the potential is conventionally defined as the Fourier transform (with respect
to the momentum transfer from one particle to the other) of the suitably normalized1
1The normalization is fixed by the requirement that the potential takes the Newtonian form at the
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two-particle scattering amplitude. By itself this definition is not of great value unless
one is able to separate the whole scattering process as follows: interaction of the first
particle with the gauge field → propagation of the gauge field → interaction of the
gauge field with the second particle. Only if such a separation is possible can one
introduce a self-contained notion of the potential. In terms of the Feynman diagrams,
one would say in this case that the diagrams describing the scattering process are
one-particle-reducible with respect to the gauge field.
In general, the complete set of Feynman graphs corresponding to a given scattering
process includes irreducible diagrams as well as reducible.2 It is important, however,
that in many cases a subset of diagrams, consisting of only reducible ones, can be
extracted from the complete set, which contains contributions remaining finite in the
limit m → ∞, m denoting the masses of the scattering particles. In electrodynamics
and Yang-Mills theories, for instance, this is the case for the spin-1
2
particles, the
subset containing all diagrams without internal lines of the scattering particles [see
Fig. 1(a)], but not for the spin-0 particles, in which case one has also diagrams of
the type shown in Fig. 1(b). In the case of quantum gravity, furthermore, things are
even more complicated. Besides diagrams of Fig. 1(b), one has also diagrams pictured
in Fig. 1(c), which do not disappear in the limit m → ∞, since m multiplies the
vertices of gravitational interactions of the particles, i.e., turns out to be not only in
the denominators, but also in the numerators of the Feynman integrals.
We see that the definition of potential via scattering amplitudes is hardly justified
in cases when the gauge field – matter interaction is nonlinear in the gauge field.
The requirement of one-particle reducibility, underlying this definition, seems to be
adequate only for linear interactions.
Definition of the potential through the scattering amplitudes is not the only possible
way to introduce an independent notion of the gauge field. It is, however, if one is
interested in giving a gauge-independent definition, i.e., the one that would give values
for the gauge field, which are independent of the choice of gauge conditions needed to fix
gauge invariance of the theory.3 Actually, it was recently proposed that, in the case of
quantum gravity, such a definition can be given beyond the S-matrix approach through
the introduction of classical point particle moving in the given gravitational field and
playing the role of a measuring device [4]. In particular, it was shown that the one-
loop effective equations of motion of the point-particle (the effective geodesic equation),
calculated in the weak field approximation in the non-relativistic limit, turn out to be
independent of the gauge conditions fixing the general covariance [4]. Although this
result, undoubtedly, is of considerable importance on its own, it lies out of the main
line of our concern here, since it is based on the introduction of the classical point-
particle into the functional integral ”by hands”, which certainly cannot be justified
using consistent limiting procedure of transition from the underlying quantum field
theory to the classical theory. On the other hand, as was shown in Ref. [5], introduction
of the classical fieldmatter (scalar field) instead of the point-like still leads to the gauge-
dependent values for the gravitational field.4
tree level.
2Here and below in this section, the term ”reducible” is used with respect to the gauge field only.
3One also has to require independence of the choice of a set of dynamical variables in terms of
which the theory is quantized. This last condition is particularly important in the case of gravity,
where one is free to take any tensor density as a dynamical parametrization of the metric field.
4It seems that in the case of ordinary Yang-Mills theories, inclusion of the classical field matter
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Figure 1: Feynman graphs representing general structure of various contributions to
the two-particle scattering amplitude. (a) The one-particle-reducible part. (b) Contri-
butions occurring when the gauge field – matter interaction is nonlinear in the gauge
field. (c) The irreducible contribution to the gravitational scattering amplitude, re-
maining finite in the limit m→∞. Wavy lines represent gravitons, solid lines matter
fields.
Turning back to the problem of definition of the gravitational potential through
the scattering amplitudes, we see that since irreducible diagrams to be dropped out do
not disappear even in the limit m→∞, validity of the most attractive property of the
potential defined through the scattering amplitudes is jeopardized by the fact that the
equivalence theorem asserting the gauge-independence of the S-matrix is applicable only
to the whole set of diagrams, containing irreducible as well as reducible Feynman graphs
describing given scattering process [1, 2]. As will be shown below, the gravitational
potential constructed in Ref. [3] (i.e., using only reducible Feynman diagrams) does
depend on the gauge, loosing thereby any significance as a means for description of
particle interactions.
3 Generating functionals and Slavnov identities
As in Ref. [3], we consider the gravitational scattering of two scalar particles with
masses m1, m2. Dynamics of their quantum fields denoted by φ1, φ2, respectively, is
described by the action
Sφ =
1
2
∫
d4x
√−g(gµν∂µφ∂νφ−m2φ2), φ = φ1,2, m = m1,2,
does solve the gauge-dependence problem, at least in the low-energy limit, see Ref. [6].
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while the action for the gravitational field5
S = − 1
k2
∫
d4x
√−gR,
k being the gravitational constant.6
The action S + Sφ1 + Sφ2 is invariant under the following (infinitesimal) gauge
transformations7
δhµν = ξ
α∂αhµν + (ηµα + hµα)∂νξ
α + (ηνα + hνα)∂µξ
α
≡ Dαµν(h)ξα,
δφ = ξα∂αφ ≡ D˜α(φ)ξα,
where ξα are the (infinitesimal) gauge functions. The generators D, D˜ span the closed
algebra
Dα,σλµν D
β
σλ −Dβ,σλµν Dασλ = fαβγDγµν ,
D˜α1 D˜
β − D˜β1 D˜α = fαβγD˜γ,
the ”structure constants” fαβγ being defined by
fαβγξαηβ = ξα∂
αηγ − ηα∂αξγ .
Let the gauge invariance be fixed by the term
Sgf =
1
2ξ
ηαβFαFβ ,
Fα = ∂
µhµα − 1
2
∂αh, h ≡ ηµνhµν .
Next, introducing the Faddeev-Popov ghost fields Cα, C¯
α we write the Faddeev-
Popov quantum action [7]
SFP = S + Sφ1 + Sφ2 + Sgf + C¯
βF ,µνβ D
α
µνCα.
SFP is still invariant under the following BRST transformations [8]
δhµν = D
α
µν(h)Cαλ,
δφ = D˜α(φ)Cαλ,
δCγ = −1
2
fαβγCαCβλ,
δC¯α =
1
ξ
F αλ, (1)
λ being a constant anticommuting parameter.
5Our notation is Rµν ≡ Rαµαν = ∂αΓαµν − · · ·, R ≡ Rµνgµν , g ≡ det gµν , gµν = sgn(+,−,−,−).
Dynamical variables of the gravitational field hµν = gµν − ηµν , ηµν = diag{+1,−1,−1,−1}.
6We choose units in which c = h¯ = k = 1 from now on.
7Indices of the functions F, ξ, as well as of the ghost fields below, are raised and lowered, if
convenient, with the help of Minkowski metric ηµν .
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The generating functional of Green functions8
Z[T, J, β¯, β,K, K˜, L]
=
∫
dhdφdCdC¯ exp{i(Σ + β¯αCα + C¯αβα + T µνhµν + Jφ)},
where J = {J1,2}, dφ ≡ dφ1dφ2, Jφ ≡ J1φ1 + J2φ2, and
Σ = SFP +K
µνDαµνCα + K˜D˜
αCα + L
γ 1
2
fαβγCαCβ,
Kµν(x), K˜(x) (anticommuting), Lα(x)(commuting) being the BRST transformation
sources [9].
To determine the dependence of field-theoretical quantities on the gauge parameter
ξ, we modify the quantum action adding the term
Y FαC¯
α,
Y being a constant anticommuting parameter [10]. Thus we write the generating
functional of Green functions as
Z[T, J, β¯, β,K, K˜, L, Y ] =
∫
dhdφdCdC¯ exp{i(Σ
+Y FαC¯
α + β¯αCα + C¯
αβα + T
µνhµν + Jφ)}. (2)
Finally, we introduce the generating functional of connected Green functions
W [T, J, β¯, β,K, K˜, L, Y ] = −i lnZ[T, J, β¯, β,K, K˜, L, Y ],
and then define the effective action Γ in the usual way as the Legendre transform of
W with respect to the mean fields
hµν =
δW
δT µν
, φ =
δW
δJ
, Cα =
δW
δβ¯α
, C¯α = −δW
δβα
, (3)
(denoted by the same symbols as the corresponding field operators):
Γ[h, φ, C, C¯,K, K˜, L, Y ]
= W [T, J, β¯, β,K, K˜, L, Y ]− β¯αCα − C¯αβα − T µνhµν − Jφ.
Evaluation of derivatives of diagrams with respect to the gauge parameters is a
more easy task than their direct calculation in arbitrary gauge.9 This is because these
derivatives can be expressed through another set of diagrams with more simple struc-
ture. The rules for such a transformation of diagrams are conveniently summarized
in the Slavnov identities corresponding to the generating functional (2). Since these
identities are widely used in what follows, their derivation will be briefly described
below [10].
8For brevity, the product symbol, as well as tensor indices of the fields hµν , Cα, C¯
α, is omitted in
the path integral measure.
9In actual quantum gravity calculations, this fact was first used in [11] to evaluate divergences of
the Einstein gravity in arbitrary gauge off the mass shell.
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First of all, we perform a BRST shift (1) of integration variables in the path integral
(2). Equating the variation to zero we obtain the following identity
∫
dhdφdCdC¯
[
iY C¯αF ,µνα D
β
µνCβ + i
Y
ξ
F 2α + T
µν δ
δKµν
+ J
δ
δK˜
− β¯α δ
δLα
− iβαF
α
ξ
]
× exp{i(Σ + Y FαC¯α + β¯αCα + C¯αβα + T µνhµν + Jφ)} = 0. (4)
Next, the second term in the square brackets in Eq. (4) can be transformed with the help
of the quantum ghost equation of motion, obtained by performing a shift C¯ → C¯ + δC¯
of integration variables in the functional integral (2):∫
dhdφdCdC¯
[
F ,µνγ D
α
µνCα − Y Fγ + βγ
]
exp{· · ·} = 0,
from which it follows that
Y
∫
dhdφdCdC¯
[
iC¯γF ,µνγ D
α
µνCα + βγ
δ
δβγ
]
exp{· · ·} = 0,
where we used the property Y 2 = 0, and omitted the expression δβγ/δβγ ∼ δ(0).
Putting this all together, we rewrite Eq. (4)(
T µν
δ
δKµν
+ J
δ
δK˜
− β¯α δ
δLα
− 1
ξ
βαF
α,µν δ
δT µν
− Y βγ δ
δβγ
− 2Y ξ ∂
∂ξ
)
Z = 0.
This is the Slavnov identity for the generating functional of Green functions we are
looking for. In terms of the generating functional of connected Green functions, it
looks like
T µν
δW
δKµν
+ J
δW
δK˜
− β¯α δW
δLα
− 1
ξ
βαF
α,µν δW
δT µν
− Y βγ δW
δβγ
− 2Y ξ ∂W
∂ξ
= 0. (5)
It can be transformed further into an identity for the generating functional of proper
vertices: with the help of equations
T µν = − δΓ
δhµν
, J = −δΓ
δφ
, β¯α =
δΓ
δCα
, βα = − δΓ
δC¯α
, (6)
which are the inverse of Eqs. (3), and the relations
δW
δKµν
=
δΓ
δKµν
,
δW
δξ
=
δΓ
δξ
, etc.
we rewrite Eq. (5)
δΓ
δhµν
δΓ
δKµν
+
δΓ
δφ
δΓ
δK˜
+
δΓ
δCα
δΓ
δLα
− F
α
ξ
δΓ
δC¯α
+ Y
δΓ
δC¯α
C¯α + 2Y ξ
∂Γ
∂ξ
= 0.
Written down via the reduced functional
Γ0 = Γ− 1
2ξ
FαF
α − Y FσC¯σ,
the latter equation takes particularly simple form
δΓ0
δhµν
δΓ0
δKµν
+
δΓ0
δφ
δΓ0
δK˜
+
δΓ0
δCσ
δΓ0
δLσ
+ 2Y ξ
∂Γ0
∂ξ
= 0. (7)
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4 Gauge dependence of the one-particle-reducible
gravitational potential
Let us now turn to the explicit evaluation of the ξ-dependence of the one-loop contribu-
tion to the potential. Its general structure is shown in Fig. 1(a). In view of the assumed
reducibility, corrections to the vertices and graviton propagator, which are the building
blocks for the potential, can be considered separately. Let us note first of all that the
(tree) graviton propagators, with respect to which the potential is reducible, can be
considered gauge-independent. Indeed, at the one-loop level, each of these propagators
has one of its ends attached to the tree φ− h− φ-vertex with the φ-lines on the mass
shell. This combination is gauge-independent on the same grounds as is the S-matrix
at the tree level. Thus, we have to consider only the proper φ − h − φ-vertex and
the graviton self-energy. To evaluate the ξ-derivative of these quantities, we use the
Slavnov identity (7). Extracting terms proportional to the source Y, we get
2ξ
∂Γ1
∂ξ
=
δΓ1
δhµν
δΓ2
δKµν
+
δΓ1
δφ
δΓ2
δK˜
, (8)
where Γ1,2 are defined by
Γ1 = Γ0|Y=0, Γ2 = ∂Γ0
∂Y
.
At the one-loop level, Eq. (8) is just10
2ξ
∂Γ
(1)
1
∂ξ
=
δΓ
(0)
1
δhµν
δΓ
(1)
2
δKµν
, (9)
since the external scalar lines are on the mass shell
δSφ
δφ
= 0.
Graphs representing the ξ-derivatives of the form factors according to the right
hand side of Eq. (9), are shown in Figs. 2, 3.
Diagrams of Fig. 3 need not be calculated explicitly. It is easy to see that they
just cancel the ξ-dependent contribution to the graviton self-energy when the potential
is being constructed. Indeed, according to Eq. (9), this contribution is given by the
diagrams of Fig. 4. In the course of construction of the potential, the two h-lines of the
graviton self-energy are connected to the φ−h−φ-vertices by the graviton propagators.
When these propagators are attached to the left most vertices in Figs. 4(a),(b), we get
exactly the diagrams of Figs. 3(a),(b), respectively, but with the opposite sign, because
it follows from Eqs. (3),(6) that
δ2S
δhµνδhαβ
δ2W (0)
δT αβδT γδ
= −δµνγδ .
10Enclosed in the round brackets is the number of loops in a diagram representing given term.
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Figure 2: Diagrams with two scalar and one graviton external lines, responsible for
the non-vanishing of the ξ-dependent contribution to the one-particle-reducible gravi-
tational potential. Solid lines represent scalar particles, dashed lines ghosts.
Figure 3: Diagrams representing the part of the ξ-dependent contribution to the grav-
itational form factors of scalar particles, that cancels the corresponding contribution
coming from the graviton self-energy (see Fig. 4) in the course of construction of the
potential.
9
Figure 4: Diagrams representing the ξ-dependent contribution to the graviton self-
energy.
Thus, explicit calculation of diagrams of Fig. 2 is needed only. Their analytic
expressions
I2(a)(p, q) =
−iEµν(p)
2
√
εqεq−p
µǫ
∫ d4−ǫk
(2π)4
{
1
2
W αβγδqγ(kδ + qδ)−m2 η
αβ
2
}
Gφ
×
{
1
2
W ρτσλ(qσ − pσ)(kλ + qλ)−m2η
ρτ
2
}
ξD(0)ηρτ G˜
ξ
η(k + p),
×G˜ζξ(p+ k)
{
kζδ
χθ
µν − δχθζµ(kν + pν)− δχθζν (kµ + pµ)
}
Gχθαβ(k), (10)
I2(b)(p, q) = I2(a)(p, p− q),
I2(c)(p, q) =
−iEµν(p)
2
√
εqεq−p
µǫ
∫ d4−ǫk
(2π)4
{[
−1
2
(δσλζξ η
τρ + δτρζξ η
σλ)
+(δτρζωδ
σλ
ξω + δ
τρ
ξωδ
σλ
ζω ) +
ηζξ
4
W τρσλ
]
qξ(qζ − pζ)− m
2
4
W τρσλ
}
Gτρχθ(k)
×
{
kαδ
χθ
µν − δχθµα(kν + pν)− δχθνα(kµ + pµ)
}
G˜αβ(p+ k)ξD
(0)γ
σλ G˜
β
γ(k + p), (11)
where the following notation is introduced:
W αβγδ = ηαβηγδ − ηαγηβδ − ηαδηβγ, δµναβ =
1
2
(δµαδ
ν
β + δ
ν
αδ
µ
β ),
Gµνσλ is the graviton propagator defined by
δ2S
δhρτδhµν
Gµνσλ = −δρτσλ,
Gµνσλ = −Wµνσλ 1
✷
+ (ξ − 1)(ηµσ∂ν∂λ + ηµλ∂ν∂σ + ηνσ∂µ∂λ + ηνλ∂µ∂σ) 1
✷2
,
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G˜αβ is the ghost propagator
G˜αβ = −
δαβ
✷
,
satisfying
F ,µνα D
(0)β
µν G˜
γ
β = −δγα, D(0)αµν ≡ Dαµν(h = 0),
Gφ is the scalar particle propagator
Gφ =
1
✷+m2
,
Eµν stands for the linearized Einstein tensor
Eµν = Rµν − 1
2
ηµνRαβη
αβ , Rµν =
1
2
(∂α∂µhαν + ∂
α∂νhαµ −✷hµν − ∂µ∂νh),
µ – arbitrary mass scale, εq =
√
q2 +m2, and ǫ = 4− d, d being the dimensionality of
space-time. To simplify the tensor structure of diagrams Fig. 2, the use has been made
of the identity
1
ξ
F α,µνGµνσλ(x) = −D(0)βσλ G˜αβ(x),
which is nothing but the well-known first Slavnov identity at the tree level; it is easily
obtained differentiating Eq. (5) twice with respect to βα and T
µν , and setting all the
sources equal to zero.
Let us begin with evaluation of the diagram of Fig. 2(a). This takes most of efforts.
The tensor multiplication in Eq. (10) is conveniently performed with the help of
the new tensor package for the REDUCE system [12]
I2(a)(p, q) =
−iEµν(p)
2
√
εqεq−p
µǫ
∫
d4−ǫk
(2π)4
1
k4
1
(k + p)4
1
m2 − (k + q)2
×ξ[ηµνk2m2{(kp)− (kq)}{k2 + 2(kq)}+ kµkνk4ξ(p2 − 2m2)
+2kµkνk
2(kq)(2ξ − 1)(p2 − 2m2) + 4kµ(kν + pν)(kq)2(ξ − 1)(p2 − 2m2)
+kµpνk
4(−2ξm2 + ξp2 − 2m2) + 2kµpνk2(kq)(−4ξm2 + 2ξp2 − p2)
+2kµqνk
4(p2 −m2) + 4kµqνk2(kq)(p2 −m2)− 2pµpνk2m2{k2 + 2(kq)}
+2pµqνk
2ξ{(kp)− (kq)}{k2 + 4(kq)}+ 4pµqνk2(kq){p2 −m2 + (kq)− (kp)}
+8pµqν(kq)
2(ξ − 1){(kp)− (kq)}+ 2pµqνk4(p2 −m2)
+2qµqνk
4{(kq)− (kp)}+ 4qµqνk2(kq){(kq)− (kp)}] (12)
Evaluation of the loop integrals can be automatized to a considerable extent if the
Schwinger parametrization of denominators in Eq. (12) is used
1
k4
=
∫
∞
0
dy y exp{yk2}, 1
(k + p)4
=
∫
∞
0
dx x exp{x(k + p)2},
1
k2 + 2(kq)
= −
∫
∞
0
dz exp{z[k2 + 2(kq)]}.
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It is convenient to apply these formulae as they stand, i.e., eluding cancellation of the
k2 factors in Eq. (12). The k-integrals are then evaluated using∫
ddk exp{k2(x+ y + z) + 2kµ(xpµ + zqµ)}
= i
(
π
x+ y + z
) d
2
exp
{
p2xy −m2z2
x+ y + z
}
,
∫
ddk kα exp{k2(x+ y + z) + 2kµ(xpµ + zqµ)} =
= i
(
π
x+ y + z
) d
2
exp
{
p2xy −m2z2
x+ y + z
}[
−xpα + zqα
x+ y + z
]
,
etc. up to six k-factors in the integrand.
From now on, all formulae will be written out for the sum
I˜2 ≡ I2(a)(p, q) + I2(b)(p, q).
Changing the integration variables (x, y, z) to (t, u, v) via
x =
t(1 + t+ u)v2
m2(1 + αtu)
, y =
u(1 + t + u)v2
m2(1 + αtu)
, z =
(1 + t+ u)v2
m2(1 + αtu)
, α ≡ − p
2
m2
,
integrating v out, subtracting the ultraviolet divergence11
I˜div =
1
32π2ǫ
(
µ
m
)ǫ
Eµν(p)ηµνξ
2(p2 − 2m2),
setting ǫ = 0, and retaining only the terms giving rise to the roots and logarithms of
p2/m2, leading at p2 → 0, we obtain
(I˜2 − I˜div2 )ǫ→0
=
Eµν(p)ξ
32π2
√
εqεq−p
∫
∞
0
∫
∞
0
dudt
{
8m2(ξ − 1)
p2DN3
(
qµqν − m
2
p2
pµpν
)(
6− 9
D
+
4
D2
)
+
ηµνm
2
DN
(
1− 5
D
+
4
D2
)
+
4ηµνm
4ξ
DN3p2
(
3− 2
D
)
+
8ξm2
DN2
[
pµpν
p2
(
ξ − ξ
D
− 1
D
+
1
D2
)
+
pµqν
p2
(
−3ξ + 1 + 7ξ
D
− 3
D
− 4ξ
D2
+
2
D2
)]}
,
D ≡ 1 + αut, N ≡ 1 + u+ t. (13)
Eq. (13) is written out in such a form that the leading roots come from the first
two lines only. The remaining (u, t)-integrals are evaluated in the Appendix. Using
Eqs. (20) one readily sees that the terms proportional to
√−p2 in Eq. (13) cancel. As
explained elsewhere (see Ref. [13]), this fact allows one to give a physical interpretation
to the root contributions to the form factors directly in the framework of the effective
action method, as describing quantum deviations of the space-time metric from classical
solutions of the Einstein equations.
11 Since we are interested only in the non-analytic at p2 = 0 terms responsible for the long-range
quantum corrections, particularities of the subtraction scheme are immaterial.
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It is easy to see also that the diagrams of Fig. 2 are the only that give rise to the root
singularities in the potential defined according to Ref. [3], so the found cancellation
proves the gauge-independence of the 1/r2-terms in this potential as well (r being the
distance from the source-particle). Let us, therefore, push our calculations further and
turn to the 1/r3-terms, i.e., to the leading logarithms. With the help of Eqs. (21) of
the Appendix, we get from Eq. (13)
(I˜2 − I˜div2 )logǫ→0 ≡ I˜ren2 = − lnα
Eµν(p)ηµνm
2ξ2
32π2
√
εqεq−p
. (14)
It remains only to calculate the diagram of Fig. 2(c). This is a much easier task
than the above calculation, since the loop does not contain scalar lines. On dimensional
grounds, I2(c)(p, q) has the following structure
I2(c)(p, q) =
Eµν(p)Pµν(p, q)√
εqεq−p
(
µ2
−p2
)ǫ/2 [
1
ǫ
+ c
]
=
Eµν(p)Pµν(p, q)√
εqεq−p
[
1
ǫ
− 1
2
ln
(−p2
µ2
)
+ c +O(ǫ)
]
, (15)
where c is some number, and Pµν(p, q) polynomials in pµ, qµ. It follows from Eq. (15)
that one can obtain the logarithmic contribution from divergent one substituting
1
ǫ
→ −1
2
ln
(−p2
µ2
)
.
I2(c) is ultraviolet divergent. It is important, on the other hand, that it is free of infrared
divergences. Indeed, the integrand in Eq. (11) is the sum of products of powers (p+k)n
and kl, times a polynomial in pµ, qµ. Since the diagram is logarithmically divergent,
we have n + l = −4. On the other hand, infrared divergences appear only if n ≤ −4,
or l ≤ −4, and, therefore, we have l ≥ 0, or n ≥ 0. In either case the dimensionally
regularized loop integrals turn into zero.
Now, the calculation is straightforward. To find the ultraviolet divergences, one sets
p+ k → k in the propagators and the vertex factors (since the degree of divergence is
zero), averages over angles (in k-space), and retains only 1/k4-terms in the integrand,
changing them to 2π2i/ǫ afterwards. The tensor multiplication as well as integration
over angles in the momentum space is again performed with the help of the tensor
package of Ref. [12]. Subtracting the 1/ǫ divergence and setting ǫ = 0, one obtains the
following result
Iren2(c)(p, q)
∣∣∣
log
=
ξ lnα
96π2
√
εqεq−p
Eµν(p){ηµνm2(−5ξ + 2)− qµqν(4ξ + 8)}.
The total logarithmic contribution of diagrams of Fig. 2 is
Iren2 ≡ Iren2(c)(p, q) + I˜ren2
= − ξ lnα
48π2
√
εqεq−p
Eµν(p){ηµνm2(4ξ − 1) + qµqν(2ξ + 4)}. (16)
Finally, multiplying Eq. (16) with m = m1 by the graviton propagator and the
tree vertex factor corresponding to the second particle with m = m2, and adding
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the result of this calculation with m1, m2 interchanged (and p → −p), we have for
the ξ-derivative of the one-loop contribution to the one-particle-reducible part of the
two-particle scattering amplitude, in the case |q1| ≪ m1, |q2| ≪ m2,
∂A
(1)
1PR
∂ξ
= − ln(−p2)m1m2(2ξ + 1)
64π2
. (17)
This completes exposition of the main result of the work.
5 Conclusion
The 1/r3 terms in the one-particle-reducible gravitational potential are thus shown to
be ξ-dependent, the form of this dependence being given by the Fourier transform of
Eq. (17). The formal reason for the occurrence of gauge-dependence should be clear
from the considerations of Sec. 4. The gauge invariance of the classical action is crucial
for the proof of the gauge-independence of the S-matrix [1, 2]. Being inhomogeneous
in the field hµν , the generators of the gauge transformations mix vertices with different
number of h-lines. The gauge invariance of the scattering amplitude is therefore pre-
served only if every combination of vertices, contributing at a given loop order, is taken
into account. Omission of the irreducible part of the two-particle scattering amplitude
inevitably violates the latter condition, the result being only the partial cancellation
of the gauge-dependent contributions, found in Sec. 4.
Thus, the one-particle-reducible gravitational potential is irrelevant to the issue of
interpretation of the quantum corrections to the classical metric.
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Appendix
The integrals
Jnm ≡
∫
∞
0
∫
∞
0
dudt
(A+ t+ u)n(B + αtu)m
,
encountered in Sec. 4, can be evaluated as follows. Consider the auxiliary quantity
J(A,B) =
∫
∞
0
∫
∞
0
dudt
(A + t+ u)(B + αtu)
,
where A,B > 0 are some numbers eventually set equal to 1. Performing an elementary
integration over u, we get
J(A,B) =
∫
∞
0
dt
lnB − ln{αt(A+ t)}
B − αt(A+ t) .
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Figure 5: Contour of integration in Eq. (18)
Now consider the integral
J˜(A,B) =
∫
C
dzf(z, A,B), f(z, A,B) =
lnB − ln{αz(A + z)}
B − αz(A + z) , (18)
taken over the contour C shown in Fig. 5. J˜(A,B) is zero identically. On the other
hand,
J˜(A,B)
=
∫
−A
−∞
dw
lnB − ln{αw(A+ w)}
B − αw(A+ w) +
∫ 0
−A
dw
lnB − ln{−αw(A+ w)}+ iπ
B − αw(A+ w)
+
∫ +∞
0
dw
lnB − ln{αw(A+ w)}+ 2iπ
B − αw(A+ w) − iπ
∑
Resf(z, A,B).
Thus, changing w → −A−w in the first integral and w → −w in the second, we have
J(A,B) =
π2
2
√
α
B−1/2
(
1 +
αA2
4B
)
−1/2
− 1
2
∫ A
0
dt
lnB − ln{αt(A− t)}
B + αt(A− t) (19)
The roots are contained entirely in the first term on the right of Eq. (19), while the
logarithms in the second. The integrals Jnm are found by repeated differentiation of
Eq. (19) with respect to A,B. Expanding the square root (1 + αA2/4B)1/2 in powers
of α, we find the leading roots needed in Sec. 4
J root11 =
π2
2
√
α
, J root12 =
π2
4
√
α
, J root13 =
3π2
16
√
α
,
J root31 = −
π2
16
√
α, J root32 = −
3π2
32
√
α, J root33 = −
15π2
128
√
α. (20)
Next, expanding the integrand in the second term of Eq. (19), we get the leading
logarithms
J log11 = J
log
12 = J
log
13 = −J log21 = −J log22 = −J log23 =
1
2
lnα,
J log31 = −
α
4
lnα, J log32 = −
α
2
lnα, J log33 = −
3α
4
lnα,
J log41 =
α
12
lnα, J log42 =
α
6
lnα, J log43 =
α
4
lnα. (21)
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